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Hadronic decays of the tail lepton : Theoretical overview * 
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Exclusive hadronic decays of the tau lepton provide an excellent framework to study the hadronization of QCD 
currents in a non-perturbative energy region populated by many resonances. I give a short review both on the 
main theoretical tools employed to analyse experimental data and on how Theory compares with Experiment. 
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1. Introduction 

Strong interactions span their effects in all elec- 
troweak generated processes whenever hadrons 
are involved. In spite of the success of Quantum 
Chromodynamics in the description and under- 
standing of the strong interaction since the very 
early stages of its applications, it soon became 
clear that, due to one of its most relevant charac- 
teristics, asymptotic freedom, the study of the low 
energy processes involving the lower part of the 
hadronic spectrum (typically E < 2 GeV) would 
be not possible with a strong interaction theory 
written in terms of quarks as dynamical degrees of 
freedom. Therefore while in the perturbative do- 
main QCD provides a well defined and successful 
framework to describe the strong interaction, in 
the very low or intermediate energy region, heav- 
ily populated by resonances, one has to resort to 
procedures that intend to collect the main fea- 
tures of the underlying theory. Accordingly sev- 
eral main paths have been followed in order to 
handle hadron dynamics in this energy regime : 

Effective field theories 

In the early eighties, and relying in a very fruit- 
ful heritage from the pre-QCD era, it was ob- 
served |H2j that the chiral symmetry of massless 
QCD could be used to construct a strong interac- 
tion field theory, intended to be dual to QCD, in 
terms of the lightest SU (3) octet of pseudoscalar 
mesons in the role of pseudo-Goldstone bosons 
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associated to the spontaneous breaking of that 
symmetry. This construction, known as Chiral 
Perturbation Theory (x-PT) , has been very much 
useful in the study of strong interaction effects 
at very low energy, where the theory has its do- 
main, mainly E <C M p (being M p the mass of 
the p(770), the lightest hadron not included in 
the theory as an active field). Its success has 
pervaded hadron physics in the last two decades, 
bringing to the main front the concept of effective 
field theory as a powerful tool to handle the non- 
perturbative regime of QCD. An effective field 
theory tries to embody the main features of the 
fundamental theory in order to handle the lat- 
ter in a specific energy regime where is, whether 
more inconvenient or just impossible, to apply it 
jSj. The example of xPT, together with other 
developments that we will comment later, gave 
support to further extensions in the spectrum of 
hadrons described by the theory, like the light- 
est SU(3) octets of vector, axial-vector, scalar 
and pseudoscalar resonances, in the Resonance 
Chiral Theory (RxT) that provides a tentative 
framework to study the energy region given by 
M p < E < 1.5 GeV. 

Modelizations of phenomenological Lagrangians 

As a sidetrack of effective field theories many 
authors have also constructed phenomenological 
Lagrangians in terms of hadron fields but driven 
by ad hoc assumptions whose link with QCD is 
not proven and which main goal is to simplify the 
structure of the theory. Well known examples of 
these models describing the strong interaction in 
the presence of resonances are the Hidden Sym- 
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metry or Gauge Symmetry Lagrangians 4 where 
vector mesons are introduced as gauge bosons of 
suggested local symmetries. Most of these mod- 
els lack naturalness and, in a first approach, even 
consistency with QCD. However this last problem 
can be fixed through a cautious repair [5]. 

Parameterisations 

Instead of resorting to a field theory another 
possibility arises from the construction of dynam- 
ically driven parameterisations. The main idea 
underlying this procedure is to provide an ex- 
pression for the amplitudes as suggested by the 
supposed dynamics: resonance dominance, polol- 
ogy, etc. The usual simplicity of these parame- 
terisations looks very convenient for the analysis 
of experimental data though the connection be- 
tween the parameters and QCD is missing and, 
therefore, very little is understood about Nature 
with this approach. We will come back in the 
next Section to this widespread method. 

In order to explore the non-perturbative regime 
of the strong interaction theory are of special in- 
terest those semileptonic processes driven by the 
hadronization of a QCD current into exclusive 
channels, like e + e~ — > H° or hadronic tau decays, 
due both to the fact that, on one side, lepton and 
hadron sectors factorise cleanly and, in addition, 
exclusive channels give valuable information on 
the dynamics of the interaction itself, hence on 
the realization of non-perturbative QCD in this 
energy region. 

Within the Standard Model the matrix ampli- 
tude for the exclusive hadronic decays of the tau 
lepton, t~ — > H~i> T , is generically given by 

M = -^VcKMUv^il-JshrH^, (1) 

where 

= (H |(V„-^,) e iC °° D | 0} , (2) 

is the hadron matrix element of the left current 
(notice that it has to be evaluated in the pres- 
ence of the strong interactions driven by Cqcd)- 
Symmetries help to define a decomposition of Hn 
in terms of the allowed Lorentz structures of im- 
plied momenta and a set of functions of Lorentz 



invariants, the hadron form factors Fi of QCD 
currents, 

^ = E ^_J^ (3) 

Lorentz structure 

Therefore form factors are the specific goal to 
achieve and, as follows from the definition of H u 
in Eq. |J2J, arise from the evaluation of the rel- 
evant matrix elements of the vector and axial- 
vector currents of QCD in its non-perturbative 
regime. It is significant to remark that these form 
factors are universal and do not depend on the ini- 
tial state, hence providing a compelling descrip- 
tion of the hadronization of the QCD currents. 

An equivalent discussion of the hadronic decays 
of the tau lepton can be carried out in terms of 
the structure functions Wx defined in the hadron 
rest frame 6 : 

dT = | Vckm 1 2 £ M „ W H v * dPS , (4) 
with 

CuvH»H u * =J2 L x Wx , (5) 
x 

where 7i M is the hadronic current in Eq. J5J, L uv 
carries the information of the lepton sector and 
dPS collects the appropriate phase space terms. 
Structure functions can be written in terms of 
the relevant form factors and kinematical compo- 
nents. Accordingly they contain the dynamics of 
the hadronic decay and their reconstruction can 
be accomplished through the study of spectral 
functions or angular distributions of data. The 
number of structure functions depends, clearly, 
of the number of hadrons in the final state. For 
a two-pseudoscalar case there are 4 of them. For 
a three-pseudoscalar process the total number of 
structure functions is 16. 

In this short review I will focus in the decays 
of the tau lepton into two and three pions. There 
has been a lot of work in other channels but most 
of the dynamics, modelizations and problems, to 
which I will pay attention, can be discussed in 
the pion case. Moreover the theoretical descrip- 
tion of the dynamics that drives the decays into 
more than three pseudoscalars will have to wait 
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until we understand well the three pion instance 
and, until present, we can only rely in the model- 
independent isospin counting [7]- 

2. Model building versus QCD 

In order to achieve a prediction or description 
of experimental data in any electroweak hadronic 
process, within the Standard Model, we need to 
input non-perturbative QCD into the analysis. If 
everything fits usually we can determine param- 
eters of the Standard Model. If something fails 
we can claim a role for New Physics. In practice 
this kind of analysis is carried out with a mod- 
elization of the strong interaction that is perhaps 
even inconsistent with QCD. As a consequence all 
the procedure gets polluted or under suspicion. 

In the last years experiments like ALEPH, 
CLEO, DELPHI and OPAL jSlQIlWllllSIHIHl 
IT5] have collected an important, both because the 
amount and the quality, set of experimental data 
on hadronic decays of the tau lepton into exclu- 
sive channels. Lately the BABAR experiment is 
joining in this effort JHj. Analyses of these data 
are carried out using the TAUOLA library [T7j 
that includes parameterisations of the hadronic 
matrix elements. As we have emphasised above 
models and ad hoc parameterisations may include 
simplifying assumptions not well controlled from 
QCD itself. Therefore, while of importance to get 
an understanding of the dynamics involved, they 
can be misleading and provide a delusive inter- 
pretation of data. 

In this Section we will describe the most rele- 
vant modelizations and the basis of the effective 
field theory approach. Both of them are employed 
in the study of hadron decays of the tau lepton. 

2.1. Breit-Wigner parameterisations 

The dynamics of a hadronic process in an en- 
ergy region populated by resonances is mainly 
driven by those states. This is the well known 
concept of resonance dominance that has per- 
vaded hadron dynamics since the first stages of 
the study of the strong interaction. Its applica- 
tion to the hadronization of charged QCD cur- 
rents in tau decays has a long story |18I19| that 
boils down into a series of papers |2(JI21| that 



carry an exhaustive analysis of the tau decays up 
to three pseudoescalars. The CLEO collabora- 
tion has also applied this methodology to explore 
the resonance structure in four pion decays |15) . 

The parameterisation is accomplished by com- 
bining Breit-Wigner factors (BWn(q 2 )) accord- 
ing to the expected resonance dominance in each 
channel, for instance, 



F(q 2 ) = Af cti BW Ri {q 2 



(6) 



where Af is a normalisation and, in general, the 
expression is not necessarily linear in the Breit- 
Wigner terms. Then data are analysed by fitting 
the a.i parameters and those present in the Breit- 
Wigner factors (masses, on-shell widths). Two 
main models of parameterisations have been con- 
sidered : 

a) Kiihn-Santamaria Model (KS) 

The Breit-Wigner factors are given by |18I19| 



BWgf 



Mi 



M R — s — iy/s T Hi (s) ' 



(7) 



that guarantees the right asymptotic behaviour, 
ruled by QCD, for the form factors. 

b) Gounaris-Sakurai Model (GS) 
Originally constructed to study the role of the 
p(770) resonance in the vector form factor of the 
pion [23, its use has been extended to other 
hadronic resonances 
function now reads : 



The Breit-Wigner 



BWg s (s) 



M Ri +f Ri (0) 



Mi — s + f Ri (s) — iy/s T Ri (s) 



(8) 



where f Ri (s) carries information on the specific 
dynamics of the resonance and f p inff\ (s) can be 
read from Rcf. [52] . 

In both models the form factors are normalised in 
order to satisfy the chiral symmetry of massless 
QCD, at s < M 2 , as ruled by the leading 0{p 2 ) 
in the xPT expansion. The methodology applied 
by the experimental groups when using these pa- 
rameterisations |<SI!)| is to regard both models and 
consider the discrepancy between them as an es- 
timate of the theoretical error. 
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It is important to stress that the simplicity of 
these parameterisations is obscured because the 
lack of a clear link between them and QCD. They 
could even be at variance with the fundamental 
theory. 

2.2. Effective field theories and other 
model-independent knowledge 

Instead of relying on arguable parameterisa- 
tions one can try to extract information about 
form factors on grounds of S-matrix theory prop- 
erties or QCD itself. The appealing aspect of this 
procedure is that, when analysing data, the con- 
nection with the basic theory is generally clear 
and, therefore, we can obtain a great deal of in- 
formation on the hadronization procedure and, 
accordingly, on QCD itself. Here we will com- 
ment briefly on the hints to consider. 

On general grounds local causality of the inter- 
action translates into the analyticity properties 
of the amplitudes and, correspondingly, of form 
factors. Being analytic functions in complex vari- 
ables the behaviour of form factors at different en- 
ergy scales is related and, moreover, they are com- 
pletely determined by their singularities. Disper- 
sion relations embody rigorously these properties 
and are the appropriate tool to enforce them. In 
addition unitarity must be satisfied in all physical 
regions. This S-matrix property provides precise 
information on the relevant contributions to the 
spectral functions of correlators of hadronic cur- 
rents that are closely related to form factors. Fur- 
thermore a theorem put forward by S. Weinberg 
PQ and worked out by H. Leutwyler [231 states 
that, if one writes down the most general pos- 
sible Lagrangian, including all terms consistent 
with assumed symmetry principles, and then cal- 
culates matrix elements with this Lagrangian to 
any given order of perturbation theory, the result 
will be the most general possible S-matrix consis- 
tent with analyticity, perturbative unitarity, clus- 
ter decomposition and the principles of symmetry 
that have been specified. 

Besides, it has been pointed out that the in- 
verse of the number of colours of the gauge group 
SU(Nc) could be taken as a perturbative expan- 
sion parameter. Indeed large- Nc QCD shows fea- 
tures that resemble, both qualitatively and quan- 



titatively, the Nc = 3 case. Relevant conse- 
quences of this approach are that meson dynam- 
ics in the large- Nc limit is described by the tree 
diagrams of an effective local Lagrangian; more- 
over, at the leading order, one has to include the 
contributions of the infinite number of zero- width 
resonances that constitute the spectrum of the 
theory. 

It is on all these statements that part of the 
model-independent work on low and intermediate 
energy hadronic dynamics has been based upon 
and in the following we resume the specific tools 
that this procedure has set up. 

Massless QCD is symmetric under global in- 
dependent SU(Np) rotations of left- and right- 
handed quark fields 

q_L -> h L q L , h L £ SU(N F ) L , 

QR -> h R q R , h R eSU(N F ) R , (9) 

where N F — 2,3 is the number of light flavours. 
This is the well-known SU(N F ) L ®SU{N F ) R chi- 
ral symmetry of QCD |1I2| . Quark masses break 
explicitly this symmetry but what is more rele- 
vant is that it seems it is also spontaneously bro- 
ken. Though a rigorous prove of this feature has 
only been achieved in the large number of colours 
limit |25) . the known phenomenology supports 
that statement. Goldstone theorem demands the 
appearance of a phase of massless bosons asso- 
ciated to the broken generators of the symme- 
try and their quantum numbers happen to cor- 
respond to those of the lightest octet (N F = 3) 
of pseudoscalars. Their non-vanishing masses are 
generated by the explicit breaking of chiral sym- 
metry through quark masses. This Goldstone 
phase is timely because it provides an energy 
gap into the meson spectrum between the octet 
of pseudoscalars and the heavier mesons starting 
with the p(770). We can take precisely the mass 
of this resonance, M p , as a reference scale to in- 
troduce effective actions of QCD : 

a) ff< M p 

In this energy region chiral symmetry is the 
guiding principle to follow. The relevant effec- 
tive theory of QCD is Chiral Perturbation Theory 
|1I2| that exploits properly the chiral symmetry 
SU(N F ) L ®SU(N F ) r . In this effective action the 
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active degrees of freedom are those of the octet 
of pseudoscalars and the heavier spectrum has 
been integrated out. As its own name implies, 
%PT is a perturbation theory in the momenta of 
pseudoscalars over a typical scale A x ~ 1 GeV. 
This entails that the interaction vanishes with the 
momentum, giving an example of dual behaviour 
between the effective action (perturbative at low 
energies) and QCD (where asymptotic freedom 
prevents a perturbative expansion in that energy 
regime). By demanding that the interaction sat- 
isfies chiral symmetry the complete structure of 
the operators, at a definite perturbative order, is 
defined. However chiral symmetry does not give 
any information on their couplings that, in gen- 
eral, carry the information of the contributions 
of heavier states that have been integrated out 

[MEZj. 

b) E ~ M p 

At E ~ 1 GeV other meson states are active 
degrees of freedom to take into account. Chi- 
ral symmetry still provides the guide in the con- 
struction of the effective action of QCD, follow- 
ing the pioneering work of S. Weinberg j2H] in 
which the new states are represented by fields 
that transform non-linearly under the axial part 
of the chiral group. For the lightest octet of res- 
onances (vectors, axial-vectors, scalars and pseu- 
doscalars) this procedure was carried out in Ref. 

and the resulting Lagrangian is the basis of 
the Resonance Chiral Theory. As in xPT, chi- 
ral symmetry constraints the structure of the op- 
erators but gives no information on their cou- 
plings, that remain unknown, though they could 
be studied either by using models or through the 
analyses of Green Functions • Therefore RxT 
provides a model-independent parameterisation 
of the processes involving resonances and pseu- 
doscalars in terms of those couplings. 

Strong interactions in the resonance region lack 
an expansion parameter that could provide a per- 
turbative treatment of the amplitudes. The large- 
Ac limited pointed out above could yield the ap- 
propriate tool for such an expansion and it is been 
employed as a guiding principle when using R\T. 
The 1/Nc expansion tells us that, at leading or- 
der, we should only consider the tree level dia- 



grams given by a local Lagrangian with infinite 
states of zero-width in the spectrum. RxT pro- 
vides the Lagrangian to be used at tree level but 
with a finite number of zero-width resonances. 
However in most processes like hadron tau de- 
cays, we need to include finite widths for the res- 
onances. These only appear at next-to-leading 
order in the large- Ac expansion that means one- 
loop evaluations in RxT, aspect poorly known 
at present |3(JI31| . Thus in practice we have to 
model this expansion to some extent and control 
the relevance of the extra assumptions. 

c) £>M p 

At much higher energies the asymptotic free- 
dom of QCD implies that a perturbative treat- 
ment of the theory is indeed appropriate. The 
study of this energy region is also important for 
low-energy hadron physics because we are able to 
evaluate, within QCD, the asymptotic behaviour 
of Green functions and then, through a match- 
ing operation, to impose these constraints on the 
low-energy regime 5 . This heuristic procedure 
is well supported at the phenomenological level 

ESI 

To take advantage of the underlying QCD dynam- 
ics in the model-independent study of hadronic 
observables, we have to consider the entire view 
and how different energy regimes intertwine be- 
tween themselves. 

2.3. Hadronic off-shell widths of meson 
resonances 

The hadronic decays of the tau lepton hap- 
pen in an energy region where resonances do in- 
deed resonate. Hence the leading large-Ac pre- 
scription of zero- width resonances has to be over- 
come. The introduction of finite widths, as seen 
in Eqs. Ij7l8|l . results in a new problem that needs 
to be considered. For narrow resonances, like 
most of those with I = in the energy region 
spanned by tau decays, it is a good approxima- 
tion to consider constant widths that can be taken 
from the phenomenology at hand. Wider reso- 
nances, though, have an off-shell structure that 
has to be taken into account. 

The off-shell width of the p(770) has been stud- 
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ied thoroughly and it is dominated by the nir con- 
tribution. In the KS or GS parameterisations the 
imaginary part of the mass in the pole reads |22| : 

^T p { S ) = r p (M^-^ } 9 (s - Ami) , (10) 

where a(s) = y/T— Am\j s. In Ref. if was 
seen that this width can be evaluated within 
RxT through a Dyson-Schwinger like resumma- 
tion controlled by the short-distance behaviour 
required by QCD on the correlator of two vector 
currents. The result for the imaginary part of the 
pole is : 

yo 7T r 

were My is the vector resonance mass and F the 
decay constant of the pion, both of them in the 
chiral limit. It is worth to notice that the depen- 
dence on the s variable of both imaginary parts 
in Eqs. HlUlll|l is the same. 

The hadronic off-shell widths for other reso- 
nances like p(1450) or ai(1260), that are also rele- 
vant in the decays of the tau lepton, is not so well 
known. In principle the methodology put forward 
in Ref. could also be applied but it is neces- 
sary to know better the perturbative loop expan- 
sion of RxT in order to proceed. Therefore one 
has to resort to appropriate modclizations and 
the key point is, of course, the leading behaviour 
of the off-shell structure in the s variable. Hence 
it is customary to propose parameterised widths 
of which the simplest version reads as : 

r,( S ) = r fl (M^) i ^(^l)%( s - St ,) ) (i2) 

where the $(s) function is related with the avail- 
able phase space that corresponds to the thresh- 
old given by Sth- The a parameter can be given by 
models or fitted to the experimental data. This 
last procedure was used in Ref. |33| to obtain in- 
formation on the ai(1260) width from the tau de- 
cay into three pions, giving a ~ 5/2. A thorough 
study on the off-shell widths of resonances that 
QCD demands is still missing. 



3. t — > 7T tt°u t : The vector form factor of 
the pion 

The vector form factor of the pion, Fy(s), is 
defined through : 

(n+(p')w-{p)\Vf l \0)= (j>-p')^Fy(s), (13) 

where s = (p + p') 2 and V^, the third compo- 
nent of the vector current associated to the SU (3) 
flavour symmetry of the QCD Lagrangian. This 
form factor drives the isovector hadronic part 
of e + e~ — > 7r + 7r~ and, in the isospin limit, of 
t~ — > 7r~7r°^ r . At very low energies, E <C M p , 
Fy(s) has been studied in the xPT framework up 
to 0(p 6 ) |34I35| . The analysis of this form factor 
in the resonance energy region has a long history 
in the literature where a great deal of procedures 
have been applied though here we will collect the 
last developments. 

a) M p < E < 1 GeV 

This energy region is dominated by the p(770) 
and, accordingly, its study is relevant to deter- 
mine the parameters of this resonance. In ad- 
dition it gives the largest contribution to the 
hadronic vacuum polarisation piece of the anoma- 
lous magnetic moment of the pion |36|. 

The authors of Ref. proposed a frame- 
work where the 0{p i ) xPT low-energy result is 
matched at higher energies with an expression 
driven by vector meson dominance that is mod- 
ulated by an Omnes solution of the dispersion 
relation satisfied by the vector form factor of the 
pion. It provides an excellent description of the 
p(770) up to energies of 1 GeV. The more in- 
volved procedure of the unitarization approach 
gives also a good description of this energy 
region. 

A model-independent parameterisation of the 
vector form factor constructed on grounds of an 
Omnes solution for the dispersion relation has 
also been considered 39 40 41. This approach 
can be combined with RxT and it is able 
to give some improvement over the previous ap- 
proach if one includes information on the p(1450) 
through the tttt elastic phase-shift input in the 
Omnes solution. Hence it extends the description 
of the form factor up to E ~ 1.3 GeV. 
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Figure 1. Comparison of the vector form factor of 
the pion as given by tau data and the theoretical 
description of Refs. |37I39| . 
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Figure 2. Comparison of the vector form factor 
of the pion in the energy region above 1 GeV from 
Ref. Solid (dashed) line corresponds to the 

KS (GS) parameterisation. See that reference for 
the explanation of data. 



A comparison of the theoretical descriptions 
given by Refs. |37I39| and the experimental data 
by ALEPH |U and CLEO is shown in Fig. □ 

b) 1 GeV < E < 2 GeV 

The extension of the description of the vector 
form factor of the pion at higher energies is cum- 
bersome. Up to 2 GeV two p— like resonances play 
the main role : p(1450) and p(1700). However 
the interference between resonances, the possible 
presence of a continuum component, etc. still de- 
serve a study not yet done. 

The inclusion of p(1450) only improves slightly 
the behaviour when a Dyson-Schwinger-like re- 
summation is performed in the framework of RxT 
|30|. Lately, and based in a previous modeliza- 
tion proposed in Ref. a procedure to ex- 

tend the description of the vector form factor of 
the pion at higher energies has been put forward 
|21| . The proposal for the form factor embod- 
ies a Breit-Wigner parameterisation using both 
KS and GS © models to describe p(770), 
p(1450) and /9(1700) resonances, appended with 
a modelization of large- Nc QCD which sums up 
an infinite number of zero-width resonances to 
yield a Veneziano type of structure. In Fig. [21 it is 



shown how this parameterisation compares with 
data. The description is reasonable up to 2 GeV. 
Above this region there is almost no data though, 
in principle, it looks quite compatible with it |48| . 

The all-important role that plays the vector 
form factor of the pion in the hadronic vacuum 
polarisation contribution to the anomalous mag- 
netic moment of the pion |36j . together with 
the seeming discrepancy between the predictions 
provided by e + e~ — > 7r + 7T _ " PI43] and T — > 
7r _ 7T°i/ T data, set up the issue of the size of isospin 
violation. A few years ago it was suggested 0Hj 
that the late excellent experimental determina- 
tions of the vector spectral functions in tau de- 
cay could be used to determine the hadronic vac- 
uum polarisation contribution to a M . The discrep- 
ancies that have arisen between the predictions 
from both sources were first blamed to the radia- 
tive corrections analyses in the first CMD-2 data, 
then to noticeable isospin violation unaccounted- 
for. A thorough analysis of the radiative correc- 
tions in t~ — > 7T _ 7T°^ r and other relevant isospin 
violating sources (kinematics, short-distance elec- 
troweak corrections, p—uj mixing) was carried out 
in Ref. [17|. As the variance persisted it was also 
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claimed a strong isospin violation in the p mass 
|48j though nor theory nor other several de- 
terminations from experimental data |4(JI41j seem 
to support it. Further analysis of the CMD-2 pro- 
cedure detected several mistakes that have been 
corrected and are, at present, in agreement with 
recent KLOE data 05J- The matter is still open 
(see Ref. [23 for a recent account of this prob- 
lem). 

4. t — > (7T7r7r) - z/ T : Axial-vector form fac- 
tors 

The hadronic matrix element that drives the 
decay of the tau lepton into three pions is param- 
eterised by four form factors Fi defined as : 



(Tr- ( Pl )ir- (p 2 )7r+-(p 3 ) | (V* - A») | 0) = 



(14) 



V{Ff(Q 2 , Sl , S2 ) + VfF 2 A (Q 2 , Sl ,s 2 ) 

+ Q»F 3 A (Q 2 , Sl ,s 2 ) + iV^F 4 v (Q 2 , Sl ,s 2 ), 
where 



Q 2 



(Pl - V2,)v 



Vf = (^-^)(P2-P3), 

Vg = e^ PlaP2mi , 
s t = (Q -Ptf ■ 



(15) 



This parameterisation is general for any three 
pseudoscalar final state. In the particular case at 
hand (three pions), we have, due to Bose- Einstein 
symmetry, that F 2 (Q 2 , si,s 2 ) = F^(Q 2 , s 2 , si). 
The scalar form factor F^ vanishes with the mass 
of the Goldstone boson (chiral limit) and, accord- 
ingly, gives a tiny contribution in the three pion 
case. Finally the vector current only contributes 
if isospin symmetry is broken as demanded by 
G parity conservation; hence in the isospin limit 
FJ = 0. 

The final hadron system in the r — > irirKv T de- 
cays spans a wide energy region Zm^ < E < M T 
that is heavily populated by resonances and has 
been thoroughly studied. In the very low energy 



regime the chiral constraints where explored in 
the seminal Ref. jSJ and lately it has been cal- 
culated up to 0(p A ) in xPT .35 . To account 
for the resonance energy region several modeliza- 
tions given by phenomenological Lagrangians and 
vector meson dominance, matching the chiral be- 
haviour, have been employed |35I52| . However 
the most successful parameterisation has been the 
one given by the KS model [18119) that has been 
extendend to the study of all possible channels of 
three pseudoscalar mesons in the final state 
and included in the TAUOLA Library [17] , 

The dynamics of r — * ttitttv t is driven by 
the presence of the axial- vector ai(1260) modu- 
lated by the 1=1 vector resonances p(770)(p), 
p(1450)( j o') and p{YJQQ){p"). Hence in the KS 
model the spin 1 axial-vector form factor is given 
by : 



Ff(Q 2 ,8i) =M\ x o( P - } BW ai (Q 2 ) x 



BW p { Sl )+aBW p ,{ Sl ) + pBW p n{ Sl ) 



(16) 



l + a + /3 

This description, complemented with an ad hoc 
construction of the off-shell width of the ai(1260) 
resonance, provides a good description of the 
spectrum of three pions ^5] though a slight dis- 
crepancy shows up in the integrated structure 
functions [T3|. The fit to the data gives the val- 
ues of the a and /3 parameters, that compute the 
weight of each p-like resonance and, in addition, 
one can study masses and on-shell widths of the 
participating resonances. The issue of isospin vi- 
olation in this channel, within the KS model, has 
also been considered [S3]. Lately it was shown 
that this Breit-Wigner parameterisation is not 
consistent with chiral symmetry at 0(p ) and 
thus with QCD (331531 . 

A thorough study of the axial-vector form fac- 
tors in r — ► mrirvr has been performed in Ref. |33| 
using the methodology of effective field theories. 
The main components of this approach are : 

1/ Resonance Chiral Theory 

A Lagrangian theory provided by RxT has 
been employed. In this reference only linear terms 
in the resonances, whose couplings are under con- 
trol, were introduced. In the decay of the tau into 



9 



three pions, as commented above, a basic role is 
played by the interplay between the ai(1260) and 
p-like resonances. Accordingly it was necessary 
to construct, following chiral symmetry, a model- 
independent non-linear a\pix coupling that intro- 
duced 5 unknown couplings. 

2/ Modelization of Large- Nc 

Following the ideas of large- Nq there were con- 
sidered the tree level diagrams of the local La- 
grangian theory. However this approach was 
corrected : first by cutting the infinite num- 
ber of resonances that the leading 1/Nc expan- 
sion asks for, considering one octet of resonances 
only; then including off-shell widths for the p(770) 
and ai(1260) according to the expressions given 
above, Eqs. I|11I12|1 . into the resonance propaga- 
tors. 

3/ Asymptotic behaviour of form factors 
The high energy behaviour of the axial-vector 
spectral function at leading order in perturbative 
QCD [SS] demands, heuristically, that the axial- 
vector form factors vanish at high Q 2 , conclusion 
already collected into the Lepage-Brodsky lead- 
ing behaviour of form factors |5fi| . This idea was 
used in order to provide two constraints on the 
5 unknown couplings of the Lagrangian theory. 
Afterwards the evaluation of the Feynman dia- 
grams constributing to r — * itititv T showed that, 
once the constraints are enforced, only one com- 
bination of couplings is left unknown. 

Hence the authors get a parameterisation of 
the three pion decay of the tau lepton in terms of 
four free parameters : M ai , r 0l (M 0l ), the com- 
bination of coupling constants and the a param- 
eter in the off-shell width of the ai(1260) reso- 
nance. Next an analysis of the ALEPH data 10 
on the spectrum and branching ratio of — > 
7r + 7r~7r - ^ T is performed. The fit is shown in 
Fig.OHand they obtain M Ql = (1.204±0.007) GeV 
and r oi (M£) = (0.48 ± 0.02) GeV where the er- 
rors, given by the minimisation program, are only 
statistical. 

OPAL 11 and CLEO [T3] have collected data 
on the dominant structure functions in the r~ — * 
ir~ir n°v T decay, namely, Wa, Wc, Wd and We 




Q ! (GeV) 



Figure 3. Fit to the ALEPH data US] for the 
normalised r~ — * 7r + 7r~7r~^ T decay |33j . 

J5J that drive the contribution of the J = 1 + am- 
plitude into the process and, accordingly, the in- 
tegrated structure functions over all the available 
phase space, defined as : 

wa,c = J dsi ds 2 W A ,c , (17) 

Wd,e = J dsi ds2 sign (si — s 2 ) Wd,e ■ (18) 

CLEO ^21 displays the forecast given by the KS 
model and notice a slight discrepancy that shows 
up mainly in wa- Then in order to have a better 
description they modify the model by supplying 
some quantum-mechanical structure (a heritage 
of nuclear physics that accounts for the finite size 
of hadrons) |S7] that yields a good fit to data. 

Following the results of the effective field the- 
ory approach explained above, and once the pa- 
rameters are determined, it is possible to predict 
the integrated structure functions. By assuming 
isospin symmetry one can use the information ob- 
tained from the charged pions case to provide a 
description for the 7r _ 7r°7r° final hadronic state. 
The result and its comparison with the data is 
shown in Fig. |3] For wc, wd and iwe, it can be 
seen that there is a good agreement in the low Q 2 
region, while for increasing energy the experimen- 
tal errors become too large to state any conclusion 
(moreover, there seems to be a little disagreement 
between both experiments at several points). On 
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le+05 



% 5e+04 



-5e+04 





-2e+04 



Q 2 (GeV 2 ) 



Q 2 (GeV 2 ) 



Figure 4. Theoretical predictions for the wa, wc, wd and we integrated structure functions [HII] hi 
comparison with the experimental data from CLEO-II (solid) J3j and OPAL (dashed) JT] . 



the other hand, in the case of wa the theoreti- 
cal curve seems to lie somewhat below the data 
for Q 2 > 1.5 GeV 2 . However the study carried 
out in Ref. seems to conclude that this is 
due to some inconsistency between the data by 
CLEO and OPAL, on one side, and ALEPH on 
the other. If the present data for wa is confirmed 
and the errors in the region of discrepancy lessen 
we will face a new structure not accounted for in 
the present theoretical description. 

5. Prospects 

Recently the CLEO Collaboration has pub- 
lished an analysis of the data collected on the 
decay |SH|. It was known that 
this process is not well described by the KS model 
|59| and therefore in the new analysis they have 



reshaped the model with two new arbitrary pa- 
rameters that modulate both one of the axial- 
vector and the vector form factors 1)14(1. After- 
wards all the parameters are obtained through a 
reasonable fitting procedure. Along these pages 
we have emphasised the fact that arbitrary pa- 
rameterisations are of little help in the procedure 
of obtaining information about non-perturbative 
QCD. It is usually claimed that the parameters 
hide physics that is not included specifically in the 
theory and they measure in fact our ignorance : 
the conclusion is that we may know how much 
ignorant we are but do not have a clue about 
the way out. In the CLEO example just pointed 
out the new parameter in the vector form fac- 
tor spoils the Wess-Zumino anomaly normalisa- 
tion, that appears at 0{p A ) in xPT- It is true 
that there are non-anomalous contributions pro- 
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portional to the pseudoscalar masses at the next 
perturbative order that could account for a devia- 
tion but it would be surprising that the correction 
is around 80% as the fit points out. The real issue 
is that, as we have indicated, the KS model is not 
consistent with QCD and the CLEO reshaping is 
of not much use. 

Hadron decays of the tau lepton can provide 
all-important information on the hadronization 
of currents in order to yield relevant knowledge 
on non-perturbative features of low-energy Quan- 
tum Chromodynamics. In order to achieve this 
goal we need to input more controlled QCD-based 
modclizations. Our target is not only to fit the 
data at whatever cost, but do it with a reason- 
able parameterisation that allows us to under- 
stand more about the theoretical description of 
Nature. 

The effective theory approach seems, along this 
line, more promising than the Breit-Wigner pa- 
ramcterisations. The procedure relies in a field 
theory construction that embodies, up to a sup- 
posedly minor modclization of the large-iVc be- 
haviour, the relevant features of QCD in the res- 
onance energy region, giving an appropriate ac- 
count of the main traits of the experimental data 
and showing that it is a compelling framework to 
work with. Notwithstanding it still has to probe 
its case with a complete study of, at least, all the 
three pseudoscalar channels. 

Hadronic tau decays have undergone, during 
the last years, a fruitful era of excellence from 
the point of view of collecting experimental data. 
Experimentalists have done and are doing a great 
job. Now time has come for theoreticians to do 
their task. 
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